Domains and domain walls are among the key factors that determine the performance of ferroelectric materials. In recent years, a unique type of domain walls, i.e., the sawtooth shaped domain walls, has been observed in BiFeO 3 and PbTiO 3 . Here, we build a minimal model to reveal the origin of these sawtooth shaped domain walls. Incorporating this model into Monte-Carlo simulations shows that (i) the competition between the long-range Coulomb (due to bound charges) and short-range interaction (due to opposite dipoles) is responsible for the formation of these peculiar domain walls and (ii) their relative strength is critical in determining the periodicity of these sawtooth shaped domain walls. Necessary conditions to form such domain walls are also discussed.
Domains, which are typical regions with aligned magnetic moments or electric dipoles, can largely influence phase transitions and physical properties of magnetic or ferroelectric materials. For ferroelectrics, many attentions have been paid to investigate domains' characteristics and properties [1] [2] [3] [4] [5] . When changing from the paraelectric to the ferroelectric phase, the symmetry of equivalent dipole directions is broken, giving rise to regions with different polarization directions while each region has a preferred polarization direction. Ferroelectric domain walls have received extensive attention due to various novel phenomena, including stable patterns on the nanometer scale. Domains have been carefully analyzed to reveal the correlation between the micro/nanoscale structure and the properties of the materials [6] [7] [8] [9] , often through the high resolution X-ray diffraction technique [10, 11] . For instance, polarization switching is a critical link between domains and material performance [12] [13] [14] [15] [16] [17] . In bulk ferroelectrics, the domain structure, connected with phase structure, was thoroughly discussed as well as the domain dimensions and morphology. On an even smaller scale, polar nanoregions as a special type of domains have also been discussed [18] [19] [20] [21] [22] [23] .
Due to the competition between the electrostatic energy (aligned dipoles often have smaller electrostatic energy) and domain wall energy (the extra energy necessary to have domains), domains can have very different morphologies, such as rhombohedral, orthorhombic, and tetragonal domains [24] . However, it was still quite surprising when sawtooth-shaped 180 • domain walls were observed in multiferroic BiFeO 3 (BFO) [25] (see Fig. 4 (a) of Ref. [25] ), which has a spontaneous polarization along the pseudocubic 111 c direction (that can be as large as 90-95 µC/cm 2 [26] ) and a high Curie temperature (T C = 820 • C) [27] [28] [29] . Note that the BiFeO 3 sample of Ref. [25] was cut along 11 0 and 110 while extending 55 nm vertically when high resolution transmission electron microscopy (HRTEM) images were taken. More recently, Zou et. al [30] also observed serrated 180 • domain walls in PbTiO 3 (PTO) thin films prepared by pulsed laser deposition. This PTO thin film was 100 nm thick and epitaxially grown on a (100)-oriented single crystal SrTiO 3 (STO) substrate (see Figs. 2 and 4 of Ref. [30] ). These observations indicate that sawtooth-shaped domain wall constitute a general phenomenon in ferroelectrics, not limited to multiferroics. Since such domain walls involve head-to-head dipoles, the bound charge on the walls can be quite large (for BFO, the bound charge is estimated to be 1.64 |e 0 |, where e 0 is the electron charge [31] ), which can strongly affect the conductivity of the material by attracting free charges, making them good candidates for domain wall electronics [32] [33] [34] . Recent research also show that negative capacitance is also closely related to dipole patterns and domain structures [35, 36] . In this work, we explore possible causes of this unique phenomenon of sawtooth-shaped domain walls, finding that the short-range interaction between opposite dipoles and the longrange Coulomb between bound charges is adequate to reproduce such peculiar domain walls.
As a matter of fact, in order to understand the sawtooth domain walls, we propose a minimal model with just short-range interaction between opposite dipoles and long-range Coulomb interaction due to bound charges arising from the head-tohead dipoles, and following a similar approach as the effective Hamiltonian [37] [38] [39] [40] [41] [42] to simulate 2D and 3D ferroelectric materials.
We assume that (i) electric dipoles of opposite directions already exist in the system, and (ii) a boundary exists between the two groups of opposite dipoles (see Fig. 1 ). As bound charges accumulate on the interface, their positions can be used as dynamic variables in the simulations while the number of bound charges is fixed, which determines both the Coulomb energy and the short-range interaction as Fig. 1 shows. Therefore, the total energy for the system is given by:
where r r r i is the position of the ith bound charge. E short is the short-range energy when neighboring ions have relative shifts [37] . For the 2D case shown in Fig. 1 , the short-range interaction on the domain wall can be expressed as E short = JN, where J > 0 is the additional energy associated with opposite neighboring dipoles and N (depending on {r r r i }) is the number of opposite dipole pairs. E cc is the long-range charge-charge Coulomb energy which is given by E cc = 1 2 ∑ i, j Z 2 / r r r i − r r r j , where Z is the bound charge and the energy unit is Hartree. Since there is no bound charges without the domain wall and the total energy shall be zero, E tot can also be regarded as the formation energy of the sawtooth domain wall in our model. For simplicity, in MC simulation we use the energy of Fig.  4 (a) as the reference energy E 0 , implicitly subtracting E 0 from E tot hereafter.
Using the total energy of Eq. (1), Monte-Carlo (MC) simulations are employed to find the equilibrium domain wall morphology. During the simulation, the position of the bound changes (r r r i ) are tracked and changed to minimize the free energy. Practically, in each MC simulation at 300 K, we perform 320,000 sweeps of all the r r r i , which are randomly chosen initially. In the following, we will first show the simulation results and then discuss how the parameters (J and Z) can affect the morphology.
For the 2D case, we use a 60 × 60 supercell to mimic a planar sample. The lattice constant follows that of BiFeO 3 and the bound change is Z = 1.16 |e 0 |, which is estimated using the polarization value from the R3c phase BiFeO 3 [31] , while the short-range interaction parameter is taken to be J = 0.042 Hartree (1 Hartree = 27.2 eV) [44] . As aforementioned, the effect of these parameters on the sawtooth domain walls will be further discussed later. Moreover, the parameter J can be estimated by comparing E tot here [45] to the formation energy of an inclined charged domain wall obtained from first-principles calculations [46] . Figure 2 displays a typical 2D simulation result, in which the sawtooth-shape domain walls can be clearly seen. The domain walls have an approximate periodicity of 40 lattices and can steadily exist for 200,000 MC sweeps.
For the 3D case, we use the Ewald method [43] to accelerate the evaluation of the Coulomb energy. We note that the Ewald method naturally models the periodic boundary conditions of the supercell used in the simulations. The short-range interaction is treated similarly as in 2D, except that four nearest neighbors need to be considered instead of two. Using a 40 × 10 × 40 supercell, we carry out 320,000 sweeps of MC simulation at 300 K, and the resulting domain wall is shown in Fig. 3(a) . We note that, in considering experimental situation (e.g., PTO on STO where ferroelectric regions are separated by non-ferroelectric ones), we do not assume the extra bound charge due to the bottom and top interfaces. Figure 3(b) shows the cross section at y = 8 where a triangular sawtooth domain wall can be clearly seen. To compare to experimental HRTEM images, we have also projected the dipoles along the y direction, averaging the dipoles along each column, which results in Fig. 3(c) . This figure not only demonstrates the sawtooth domain walls, but may also explain the small dipoles separating the two domains as observed in experiment (see Fig. 5(a) of Ref. [25] ).
As we have seen, the simple model, which involves only Coulomb and short-range interactions, is adequate to reproduce the sawtooth domain walls. With this model, it is also possible to reveal and understand how Z and J can affect the domain wall morphology. To simplify our analysis, we use the 2D case as an example and only consider triangular sawtooth domain walls with different periodicities (see Fig.  4 ). The length of the domain wall can be formally defined 
Because the bound charge can only shift in the up and down directions, the l can be simplified to its y component as follows:
which can unambiguously determine the triangular domain wall. One advantage of this definition is that the short-range energy is directly proportional to l (see Fig. 5 ), i.e. E short = Jl. The Coulomb energy also depends on l as
where E cc 0 = Z 2 γ/a 0 (in unit of Hartree) and γ is a constant calculated according to the charge positions shown in Fig. 2 (γ = 220.8 for a 60 × 60 supercell).
As l increases, the domain wall becomes sharper and the periodicity becomes smaller [see Fig. 4(b) ]. Given a domain wall length, we can numerically calculate its constituent energies, which are shown as symbols in Fig. 5 . It can be seen that the long-range Coulomb energy and the short-range interaction energy show opposite trends with the length of domain wall. The short-range interaction increases with l, since larger l means more opposite dipole pairs. The Coulomb interaction action decreases with l due to the increase of the distance between bound charges.
To proceed further, we propose to use E cc = 
The variation of the total energy with l is also shown in Fig. 5(a) . The minimum of the total energy curve occurs at the equilibrium domain wall length l 0 , whose decrease with J/(Z 2 /a 0 ) is shown in Fig. 5(b) . This result indicates that the parameter α = J/(Z 2 /a 0 ) is crucial for the domain morphology and larger α tends to bind the bound charges closer to each other. In the simulations that generate Figs. 2 and 3, α = 0.22 is used. The domain wall length and sawtooth period, which is about 40 a 0 , are consistent with the theoretical estimation shown in Fig. 2 . In numerically finding l 0 for Fig.  5(b) , we find that when α > 1.29, no solution can be found for l 0 , which is consistent with our numerical findings (not shown here) that arbitrarily chosen J and Z cannot support the existence of such domain walls. It shall be noted that the precondition for the above analysis is that triangular domain walls already exist. The constraint of α < 1.29 can be understood by estimating the two energies of the configuration shown in Fig. 4(b) . Assuming that two neighboring bound charges are shifted by y vertically, the short-range interaction is NJy (N = 60 for the 60 × 60 simulation box), while the Coulomb energy pertaining to this configuration is the horizontal line of bound charges [ Fig.  4(a) ] tilted by an angle of α (tan α = y), giving the energy of Z 2 γ/a 0 1/ 1 + y 2 − 1 . Therefore, the total energy shall be NJy + Z 2 γ/a 0 1/ 1 + y 2 − 1 < 0 to be steady, resulting in α < γ Ny 1 − 1/ 1 + y 2 ≤ 1.10 for N = 60, where the maximum is reached when y = 1.27. Since the Coulomb energy in the triangular case shall be larger than this value as the bound charges are closer, the final value of α shall be smaller than 1.10. In fact, a more stringent constraint can be obtained with Fig. 4(a) as the initial configuration and consider only one bound charge (the first one from the left) is shifted upward by y and stabilized. The Coulomb energy and the short-range interaction energy shall compensate each other (i.e., they shall be of the same order, rather that one overwhelming the other) and satisfy, Jy
42 where the maximum is reached when y = 1.7. This result further constrains the parameters that can form sawtooth domain walls, indicating that there is an upper bound for α to make the sawtooth domain walls possible. This constraint, which seems quite a stringent condition imposed on J to have sawtooth domain walls, is also verified using MC simulation. For materials with large dielectric constant, still smaller J is required since the Coulomb energy part is now Z 2 /ε r a 0 , where ε r > 1 is the relative permittivity.
In addition to the constraint on α, it was pointed out that 180
• domain occurs when no epitaxial strain or very small ones are applied from the substrate, while 90 • or other domain patterns are expected with larger epitaxial misfit strains [30, 47, 48] . Our result here reveals the reason behind such facts: strain (especially local strain or defects), which can couple with the dipoles, can effectively increase J, eventually making the sawtooth domain walls impossible to form.
In summary, we have built a minimal model to reveal the origin of the sawtooth shaped domain walls observed in ferroelectric materials. Our model and the following MC simulation show that the competition between the long-range Coulomb energy from bound charges and the short-range interaction energies are responsible for the formation of these peculiar domains. Further analysis also shows that the combined parameter J/ Z 2 /a 0 is critical in determining the periodicity of the sawtooth shaped domain walls and its value has to satisfy certain condition for this unique type of domain walls to appear in ferrolectrics.
